In this research, a trace regularity theorem on a time like surface is proved for the solution of a multidimensional linear acoustic wave equation with nonsmooth coefficients. Our theorem indicates that with microlocal restrictions against tangential oscillations in the coefficients, the boundary value is just as regular as the solution, in particular as regular as the coefficients allow.
Introduction
The classical trace theorem in Sobolev spaces asserts that the restriction map of a distribution to a codimension one hypersurface extends uniquely to a continuous linear operator from Hs(IRk) to Hs-1 ! 2 (JRk-l ), ifs > 1/2. It is also well known that this result is sharp, see
Taylor [18] for details. However, dealing with the solutions to hyperbolic p.d.e., one may reasonably expect an improvement of their trace regularity. This is actually the case if the equation with smooth coefficients is strictly hyperbolic with respect to a codimension one trace hypersurface, since then standard energy estimates will yield that the trace map is from -l) locally for any reals. Unfortunately, the same idea will not work if the trace surface is timelike, essentially because the presence of grazing rays prohibit the direct application of energy estimates. See Symes [16] and Bao and Symes [2] for more comments on this aspect. It is obvious that the nonsmooth coefficients will introduce new singularities to the solutions so that only limited initial regularity can be propagated.
In [16] , Symes proved a trace theorem for the solution of a second order multidimensional wave equation with constant coefficients: For finite energy initial data compactly supported away from the boundary (with the absence of the grazing rays), the trace is of class H 1 c which is as regular a.s the solution in the interior. Some similar trace regularity results were obtained by Lasiecka and Triggia.ni [10] for the solutions of second order hyperbolic mixed problems based on the application of the Laplace-Fourier transform. See also Lasiecka and
Triggiani [11] for some sharp global trace regularity results for second order hyperbolic equations with smooth coefficients and Neumann boundary conditions.
Recently in [2] , we proved a. trace theorem for general linear p.d.e. with smooth variable coefficients, applying the Hormander-Nirenberg pseudodifferential cutoff technique and the method of energy estimates. Our theorem shows that the difficulty above may be resolved by imposing more smoothness against grazing ray directions.
Roughly speaking, the analysis in this pa.per is similar to that of Bao and Symes [2] . Two major differences are:
• Since in this work our attention is restricted to the second order equation, compared to the general case in [2] a much simpler 'ljJ.d.o. cutoff of the operator becomes possible.
• Note that the model problem has nonsmooth coefficients; therefore the propagation of singularity theorems, Theorems 2.1-2.2, have to be involved in the analysis in contrast to [2] where the coefficients were assumed to be smooth and no side condition was introduced and discussed explicitly.
In this paper, a trace regula.rity theorem on a time like surface is proved for the solution of a multidimensional linear acoustic wave equation with nonsmooth coefficients. Our theorem indicates that with microlocal restrictions against tangential oscillations in the coefficient, the boundary value is just as regular as the solution, in particular as regular as the coefficients allow. These properties of traces also indicate that the conclusion of our trace theorem is optimal. However, as compared to the one dimensional problem, a much higher degree of overall smoothness has to be imposed.
Because of the non-hyperbolicity of the operator with respect to a time-like hypersurface, a pseudo-differential cutoff of the opera.tor and results on propagation of singularities are Usually, the constant from the Fourier Transform is assumed to be absorbed by the integral.
For simplicity, C serves a.s a generalized positive constant the precise value of which is not needed. Finally, :x:r is tlw characteristic function of a set r.
Propagation of Singularities
Our main result in this chapter is a linear propagation of singularities theorem which is an extension of Theorem 1 in [6] ("the Beals-Reed theorem"). The theorem assures that weaker regularity ( than in [ 6] ) of the solution may also be propagated along the null bicharacteristics.
The main ingredients in our proof are an extended Rauch's lemma and a commutator lemma.
We also take care of an interesting special case ( which often appears in practice) where the coefficients depend only on some of the variables and show that for this case better regularity results will become possible.
We prove the theorem by following the general scheme of the proof of the Beals-Reed theorem in [6] . The pseudoclifferentia.l cutoff technique in their proof was analogous to a proof of Hormander's theorem (see [8] for the original form) as described in Nirenberg [13] .
Except for the use of Rauch's lemma since nonsmooth coefficients and right-hand side were present, the key step was a commutator lemma which allowed them to compute the action on Hs n H-;,.,1!(,) of a commutator of a 1/;.cl.o. with a differential operator whose coefficient was nonsmooth. Then a local existence theorem with microlocal hypotheses completed their proof.
The following estimate will be used frequently. Other related kernel estimates may be found in Beals [4] and Beals and Reed [7] . 
Proposition 2.1 (Rauch and Reed {15}) Define
We will also need:
Proposition 2.2 Assume that A'' is a closed cone which is strictly contained in an open
cone J(. If e E J{'' 17 E J{C' then (1) le -111 ~ C\ 1e1, C'i > O; (2) if lei~ Co> 0, then (e -77) ~ C(e).
Microlocal Sobolev spaces
We present some basic properties of microlocal Sobolev spaces. Only new results will be proved. 
Commutator len1ma
Having introduced the basic concepts of microlocal Sobolev spaces, we now present a commutator lemma which is necessary in order to prove any results on propagation of singularities for a p.d.e. with nonsmooth coefficients. We shall only prove this lemma for the case n 0 = n; the general case follows after some obvious modifications. The proof contains two steps: Proposition 2.4 offers the local version of the commutator action, while the microlocal version is given as Proposition 2.5. [ 
Proposition 2.4 Letp
Proof As before, after making some simplifications, we have
where a;, v; E L 
XK 1 (0(()q\1,·(17)'(1,·(( -rt)(bo(() -bo(( -17))(( -rt)
( 
Propagation of singularities theorem
Vl/e are now ready for a formal statement of the main result of this chapter: a linear propagation of singularities theorem for ?.f,.cl.o. equations with nonsmooth coefficients at lower order terms. The proof follows exactly the proof of Beals-Reed theorem in [6] with the original Ranch's lemma replaced by its extension Lemma 2.3 and the commutator lemma of [6] replaced by Lemma 2.4. Therefore we omit the proof. and that
[Pm(x, D) + ~ac,(:ri)pc,(:r, D) + ~a/3(x1)P/3(x, D)]v(x) = f(x).

Then
An immediate consequence of Theorem 2.2 is a theorem on propagation of singularities due to Beals and Reed, Theorem 1 in [6] .
Remark on Theorem 2.1.
Notice that the Beals-Reed theorem as well as Rauch's Lemma are designed for the study of nonlinear propagation of singularities. In that case the coefficients or the right-hand side, roughly speaking, have same ( or closely related) regularity as the solution to the problem. 
Construction of a cutoff
From now on, the space variable is always denoted as (x', xn) E IRn-l x IR, n 2: 2, and the Xn, the standard method of energy estimates (for example in John [9] or Taylor [18] ) can be applied to get the basic estimate. Then, the microlocal hypotheses and Theorem 2.1 together with Lemmas 3.1, :3.2 will complete the proof.
Trace theorem
Proof Let ,0,,1 be two conic subsets of the set n 0 x {(e',w) E IRn, lwl ~ WI} and let IIi,i 1 C I1 2 ,f nt, where fJ 2 maps a set to its second factor or the frequency space, and n 0 is generated by n in such a way that each point in n 0 may be traced back to n along the characteristics of the operator D. 
where <Po E Cf{', and the second inequality makes sense because Q is a convolutional operator.
From the hypotheses, a natural extension of the Proposition in Beals and Reed [6] • pis supported near {:rn = O}.
From the ellipticity of P, Lemma '.3.1 'a.nd Garding's type inequality Lemma 3. 6) where C depends on the Hs-l n n;,;1;(I{)-norm of 'l/ 1 'v a. Here we have used the fact that ¢> 1 (;r,t) E Ccf'(IRn+l) or cpi(:r,t) has compact support int.
The proof of Theorem :3.1 is then completed.
D
Two remarks on Theorem :3.1 are in order:
• Hypothesis (:3.2) requires additional microlocal regularity near t = 0, as demanded by the application of the result on propagation of singularities. This hypothesis is rather diflicult to verify in practice. It seems that similar hypotheses are made in all the previous results on propagation of singularities. We believe that with the help of a duality argument Hypotlwsis (:3.2) can be replaced by a hypothesis on microlocal regularity of the Cauchy data on { t = 0}. Similar (but more subtle) approach may be found in Bao and Symes [:3] . Details of this and other related issues will be addressed elsewhere.
• We conjecture that the reg11la.rity assumptions on the coefficients can not be strengthened, see our remark on Theorem 2. 1. The fact that the local regularity assumption on f is optimal is evident. However, it still remains to see that whether the microlocal regularity requirement on f is optimal.
